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OSCILLATIONS OF A BODY FILLED WITH A VISCOUS FLUID 

O. B. Ievleva 

Zhurnal  Pr ik ladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  Vol. 7, No. 6, pp. 27 -34 ,  1966 

The oscillations of a physical pendulum containing a spherical cavity 
filled with an incompressible viscous liquid were discussed in [1]. In 
this paper we consider the more general problem of the motion of an 
axially symmetric solid with a spherical cavity filled with anincompres- 
sible viscous fluid and moving about a fixed point. It is assumed that 
the center of the cavity and the fixed point lie on the axis of sym- 
metry of the body. 

w BASIC EQUATIONS 

1 ~ . The r e l a t ive  mot ion  of the l iquid in the cavi ty  
ins ide  the body is  desc r ibed  by the Navie r -S tokes  
equation, 

au 
a - T + ( u , v ) u + 2 ( ~ 2 x u ) - l - ~ - t  x r + ~ x ( ~ x r ) - ~  

_ t grad p - -  v rot rot u (1.1) 

and the cont inui ty  equation 

div u = 0. (1.2) 

On the boundary  of the cavity 

u = 0 ,  ( 1 . 3 )  

where  u is the veloci ty  of a fluid pa r t i c l e  re la t ive  to 
the solid body, ~ i s  the angu la r  ve loc i ty  of the body, 
r is  the posi t ion vec tor  of the pa r t i c l e  r e l a t ive  to the 
fixed point,  T is  the dens i ty  of the liquid, v i s  the 
v iscos i ty ,  and p is  the p r e s s u r e .  

The equat ions  of mot ion  for  the sol id body can be 
obtained f rom the ra te  of change of the angu la r  mo-  
m e n t u m  of th is  sy s t em about the fixed point  

dLo/dt = Mo. (1.4) 

The angu la r  m o m e n t u m  of the sys t em is  given by 

Lo = Lol + Lo~, 

where  Lo~ is  the angu la r  m o m e n t u m  of the body with 
the l iquid solidified,  and L02 i s  the angu l a r  m o m e n t u m  
of the r e l a t ive  mot ion of the liquid; 1Mo is the p r inc ipa l  
moment  of ex te rna l  fo rces  act ing on the s y s t e m  about 
the fixed point.  

Let us suppose that  the s y m m e t r y  axis  of the body 
executes  smal l  osc i l l a t ions .  We shall  a s s u m e  that  the 
mot ion of the l iquid ins ide  the cavity is  then a l so  sma l l .  

2 ~ The mot ion  of the l iquid in  the cavi ty  wil l  b e  
r e f e r r e d  to as a set  of coord ina tes  xyz r ig id ly  a t tached 
to the solid. The cen t e r  of the cavi ty  O wil l  be taken  as 
the or ig in  and the z - ax i s  will be d i rec ted  along the axis  
of s y m m e t r y  of the body. 

If we l i n e a r i z e  Eq. (1.1) we obtain 

Ou x d~2 u d~ z O P 
Ot 2Q~u~' + -g~- z - -  "-dg g = - - ' T ;  + ~Au~ ' 

~u~ df~x d~z OP 
+ 2Qzux - -  ~ -  z + - ~  x = - -  -~y + v A u y  , 

Ou z d~ x d~t~ OP 
o-7 + ~ g----dF x = --T; + vAu~ , 

- - J - ~ z 2 ( x 2 + y ~ ) + Q z ( ~ 2 ~ x + g 2 , y ) ( z + b  ), (1.5) 2 

where  b i s  the d i s tance  between the fixed point and the 
cen te r  of the cavity.  

To d e t e r m i n e  the pos i t ion  of the body, cons ider  two 
r e c t a n g u l a r  coordinate  sy s t e ms  with the o r ig in  at the 
f ixed point  O, namely ,  a fixed sys t em xyz with a v e r -  
t i ca l  z - ax i s ,  and a semif ixed  sys t em ~ ~ which p a r -  
t i c ipa t e s  in  the p r e c e s s i o n a l  and nuta t ional  mot ions  
of the body but  does not take pa r t  in the ro ta t ion  about 
the i n t r i n s i c  axis.  The ~ - a x i s  of the semif ixed sys t em 

w i l l  be taken to l ie  along the s y m m e t r y  axis  of the 
body. 

The p o s i t i o n  of the body can then  be defined by the 
angle 6 i be tween the axes ~1 and y, the angle 52 between 
the ~ and x - a xe s ,  and the ro ta t ion  angle 6a about the 

axis .  
Cons ider  the mot ion  of the sys t em u n d e r  the act ion 

of g rav i ta t iona l  fo rces .  
If we take the pr oj ect ions of E q. (1.4) along the axes of 

the semif ixed  sys tem,  and l i n e a r i z e  the r e su l t ing  
equat ions,  we obtain 

d 
- -  Abt" + CQz62' + T - ~  l [(XUz - -  zux) sin 6s + 

~v 

+ (guz - -  zu~) cos 6a] dr - -  

b d - -  T -dg .~ (uv cos 5a + ux sin 6a) dr = Qa51, 

+ (yu ,  - -  zu~) sin 5a] d~ + 

, d (, 
Tb-~7 ~ (uxcos6a-- uvsin6a)dx = - -  QaS,_, -7- 

_dT : .~ _d_ "r d i ( x u ~ - -  yUx) d'~ = 0 
.c 

(A = A l + I + y ~ b  ~, C = C 1 +  I, ~z = ~ ) ,  (1.6) 

where  A 1 and C i a r e  the mome n t s  of i ne r t i a  of the 
body with r e spe c t  to the ~ 07) and ~ axes,  I is  the mo-  
men t  of i n e r t i a  of the l iquid about the d i a m e t e r  of the 
cavity,  r i s  the vo lume of the cavity, Q is  the total  
weight of the sys tem,  and a is  the d i s tance  be tween the  
fixed point  and the cen t e r  of m a s s  of the s y s t e m  which 
l ies  below the fixed point .  

Since the cen t e r  of m a s s  of the l iquid l i e s  at the 
or ig in  of the fixed sys t em of coord ina tes ,  the com-  
ponent  of the r e l a t ive  m o m e n t u m  of the l iquid along 
this  axis  mus t  be zero,  i . e . ,  

T I u ~ : d ~ = O ,  T I u y d x = O .  (1.7) 
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w SOLUTION IN T E R M S  OF G E N E R A L I Z E D  S P H E R -  
ICA L COORDINAT ES 

1 ~ The  s o l u t i o n  of the  p r o b l e m  wi l l  b e  sough t  in  the  
f o r m  of a s e r i e s  in  t e r m s  of  t he  g e n e r a l i z e d  s p h e r i c a l  
f unc t i ons  [2]. With  t h i s  a i m  in  v i ew  l e t  us  t r a n s f o r m  
in Eqs .  (1 .2) ,  (1 .5) ,  and  (1 .6)  to  the  s p h e r i c a l  c o -  
o r d i n a t e s  p, 0, q~, and  i n t r o d u c e  the  c o m p l e x  v e l o c i t y  
c o m b i n a t i o n s  

u+ = - -  :l~]/-~ (u~ + iuo), 

U o = Ur, , U_ = l / ~ V 2  (U~ - -  iu,). 

U s i n g  Eqs .  (1 .7)  we t h e n  ob t a in  t h e  fo l l owing  s e t  of 
equations describing the motion of the liquid: 

Ouo 2uo ~ [ a u +  i Ou+ ~-u+ctgO)@ 
a-p- -~- p - -  + p V-2 \ ao "J- sin0 aq~ 

(Ou i O u  
+ ~  ~i~o o~ ~-u_o tgo)=o ,  (2.1) 

+ ]~2QzU+ sin 8 = __~p  + ~L~__[_  ~ _ ~  + O P  [a~uo . 2 Ouo 

t O~uo A- t c92uo ctg 0 Ouo 2uo 
@ p~ - ~ - ~  p-Zs!n ~_0 G~p~ + p~ 60 p~ 

i 1/=2 fou+ i au+ ) 
- -  p---'~-\O0" 27 8 inO o--~ - t -u§  - -  

p~ ~ s in  0 O~ + u_ ~tg 0 , 

o% ]/-2O~Uo sin 0 - -  2iQ~u, cos 0 + Ot 

p 0~2~ (cos 0 cos q> + i sin qD) 4- + ~  
p dO~ u p d~z  

_L ~-~ _~_ (cos O sin (p - -  i cos (p) - -  ~-~ sin 0 -~ -  ----- 

_ i (oP i OR 

i O~u§ 2V 2 0 u .  I O~u+ 

i 02u+ ctg 0 Ou+ u.~ 
+ p~ sin ~ 00tp z ~- p~ be p3 si~'-~ 

2icos00u+ i ]/-=2[Ouo i OUo )] 
p~sin ~o 0 T ~ \ ' ~  sin0 GRD ' 

+ V-29.#o sin 0 + 2LQzu_ cos 0 + 

P dQx + - ~  -dt- ( - -  eos0cosq~ + i s i n T ) ' -  

p d~. u - ~  d~z 
V 2  dt (cos 0 sin r +/_cos q~) + sin 0 ~ / -  = 

i oP i oP = ~ ( ~  + ~ + 

i O~u_ I O~u 2 0 u _  i O~u 

ctg 00u_ u_ 
-~ ao p'~si-~ o + 

2ioosOOu_ i V ~ ( o ~ o  i o . o ~  

a = f l ~ -  iQx. (2 .2)  

If we now i n t r o d u c e  t h e  c o m p l e x  q u a n t i t y  [3 = 52 + 
+i6~, the  e q u a t i o n s  of m o t i o n  f o r  the  b o d y  w i l l  a s s u m e  

the  f o r m  
i~ U+ 

A~"-- iCf~z~'-+-  Qa~ + i T - ~  {e~a,! e [ - ~ ( l -  c o s 0 ) +  

+ - ~  pd~ = 0, (2.3) 

d a - - - : + ! a - - - ~ " - - - : +  p s i n 0 d ~  = 0. (2.4)  
dt C dt ~ ] ~  

2 ~ The  s o l u t i o n  of the  h y d r o d y n a m i c  p r o b l e m  wi l l  
b e  sought  in  the  f o r m  

"oo l 

Uo = ~ ~ /o~ (p, t) ro~ (% ~ - % o, o) ,  
t=l n = - - t  

oo I 

u• ~, ~ =  t ~ t  (p, t ) m ~  (% n -  % o. 0 ) .  
l ~ l  n~- - I  

oo I 

P =  ~ ~] FJ(p,t)ToJ(%~--% 0, 0), (2.5) 
l~O n=--I 

where/.,,, / ~ t , ,  Fn are unknown functions of p and t, 
and T/0n, T/+tn are the generalized spherical functions 
[2]. 

Let  u s  s u b s t i t u t e  t he  s e r i e s  (2.5)  i n to  Eqs .  ( 2 . 1 ) -  
(2 .6)  and  e q u a t e  t h e  c o e f f i c i e n t s  of t he  s a m e  s p h e r i c a l  
f u n c t i o n s .  A f t e r  s o m e  r e a r r a n g e m e n t  we have  

O/o,,'Op + ~ 2 / o Z  7t ~ ( ~ ) ' / , ( f ~ t + f _ ~ t ) =  0 .  ~ (2 .6)  

#Ion t . + i ]/r2QfiA(l)( /a, t  - -  ]- lg)  + 

y ~  (fiJ + f-l~*) - -  

[l , 2~[*-14 l+l $ I+i\ OFn I ~ 
- - } / ' 2 . Q f i B  ( l )  k - - T - )  t.,x~ - - j - l ~  ) = Op 

. [02tOn l . 2 O/On t 2 + t (l + 1) font 
-~-~L--~-r ~ p op p~ - 

V~-( l  + l) /_z t ) !  ( 2 . 7 )  
p,~ - ( l ] J  + , 

Oq t 11r 2 ~2Zi;~ l 

i~Z - -  l 
- -  212. ~ (h~  + / - 1 J )  - -  

fl  + 1 \ %  Z-1 
- -  2Q~iA (l) I-"7--') (1~= - -  1_~ t - ~ ) _  

_ 2 ~ z i B ( l  ) ( l+2~V.-  ~ t+i , l ~ i ~  \ l + l /  Win - - l - i ,  , 

_ 1/~7(t + i) F~' + v ( h i  + f_~J) + 
o 

+ 2  a T ~ (tint + f_~,t) _ 

t (t + i)  2 
r (h J +  l-:n t) - - ; -  V2t(z Tq3/o~], (2.8) 

0 z (fx= - - f - l n  t) - -  

n t t V ' 2~z iA  (l)/o~-: - -  - -  2Q~i l ( ~  (f:" - -  f-~n ) - -  2 

~0 " l+n  

�9 1 + 2  '/, t + :  ~ t + : ~  6 o t - : i 2 p ~  _~. +,_.o ,,- 

-t P d~ p d~ 



20 ZHURNAL PRIKLADNOI MEKHANIKI I TEKHNICHESKOI FIZIKI 

0 2 t l 2 0 , I  t 
= ,  [ !h,, (h,, ) -  

p,(la~ t- ( l ) = k  (~--i),z 

B (l) = [[(l -t-l)*--"*]l~ '/' \ (a~ +3)*(~+ t)/ ' (2.9) 

A~" - -  iC~Q,~" + Q a [ ~ -  

a m  - ~, ~ ~ ~ ! e~s, ( h - l - -  t- , -#)  p~ d o  = 0 ,  (2 .10)  

R 
d~z . 4 T d 
at k t Y ' U - E o  (ho*--f_r0~)p~dp = 0,  (2.11) 

0 

(l = t,  2, 3 . . . . .  oo; 

" n = - - l ,  - - l + t  . . . .  , 0 ,  1, 2 . . . . .  l ) .  

Equat ions  ( 2 . 8 ) - ( 2 . 9 )  w e r e  obta ined  by adding  and 
subtrac t ing  the e quat ions  c o r r e s p o n d i n g  to the  s e c o n d  
and third equat ions  in Eqs.  (2 .2 ) .  In t h e s e  e x p r e s s i o n s  
R i s  the  r a d i u s  of the cavi ty ,  6 / n  i s  equal  to I i f  a l l  
t h r e e  i nd i ces  a r e  equal  and 0 in  a l l  o t h e r  c a s e s .  The  
condi t ion given by Eq. (1.3) wi l l  be s a t i s f i e d  if 

l ~ I ~ �9 
f_~ ~ (L, = 0 (2.12) Ion ( , t)  = t) 

Equat ions  (2 .10 ) - (2 .11 )  show tha t  the  mot ion  of the  
body i s  a f fec ted  only by those  mot ions  o f t h e f l u i d w h i c h  
a r e  d e s c r i b e d  by  the  t e r m s  of the  s e r i e s  (2.5) with 
[ = l a n d n = - l ,  0. 

w THE CASE OF A SLOW PROPER ROTATION 

Consider the motion of the body with a small  angular velocity Qz 
about the z-axis,  

We shall assume that the terms in Eqs. (2.6)-(2.9)  which contain the 

product n z f m n l  can be neglected.  All equations with l = 1 except  
for Eqs. (2.9) will then be the same as the corresponding equations for 
the oscillations of a liquid in a fixed vessel [3]. 

The solutions of Eqs. (2.9) with l = I can be sought as in [1 ] in the  
form of series in terms of the eigenfunetions for this problem, i.e.,  

co 
]~n~--/_tn~=2 ~.~q)j(s~)Cxn~(t), �9 _ J % ( s l p / R )  

i=~ ~(~)- Vh-V]-~" (3.~) 

satisfy the boundary condition (2,12); C~n are unknown These functions 
functions of t ime and sj are the roots of the Bessel function J~,a(s). 
To determine ~.z, let us solve Eqs. (2.11) and (2.9) with l = 1 and n = 
= 0 :  

0 
0-T (/r~ --/-1~ -- i2p df~z dt -- 

IO@~ 2 0  (]10/ - -  f-101) - ~ ( f l 0 l _ _ f _ 1 0 1 ) ] . ( 3 . ~ )  =~ (1:~ - I-~~ + T ~p 

Substituting Eqs. (3. 1 ) into Eqs. (2.11 ) and (3. 2) and replacing p in 
Eq.(3.2) by the expansion 

r 
)'=1 

we have, if we equate the coefficients of the same Oj, 

dt T v Cao ~ + iR 1/-2-~ u  s ~  + s/~ dflzdt = 0 ,  

da~ . r 8 g ~  ~ ~ ae~d 
-~--t--d 3 z'~ sj g i  + dt O. (3. 3) 

This is a set of ordinary differential equations. We shall seek its 

solution proportional to e ~t. In this way we obtain the characteristic 
equation: 

C - -  I co . (3.4) 
0'I ---T-- ~ = -- ~ ~ t 

j= l  sj~ _f. R~,;-1 ~r 

It is readily shown by a graphical  method that this equation has one 
zero root and a denumerable set of real negative roots. Therefore, if 
~z is small at the initial instant of t ime,  it will remain small  for the 
remainder of the t ime.  

To find 3 let us substitute Eq. (3.1) into Eqs. (2.10) and (2. 9), and 
assume in the last equation that t = 1, n = --1. Calculations similar 
to those used to determine Oz lead to the following set of ordinary dif- 
ferential  equations: 

�9 , 

A~" -}- Qa~5 -k T RI at [g%ct-ll = 0 ,(3. 5) 
j=l sj ]/ t + sj2 

at + "-~ sj'Cl-I = V-~R s ~  dt"  (3. 6) 

Let us consider the solutions of these two equations which are 
proportional to e kt in the case when a z = const (so that 6 s .~ ~zt). 

The characteristic equation is now 

co t 

( A - - I ) ~ . ~ + Q a + t O I ~  2 ~, +R2v-l(~__if~z) O. (3.7) 
i='-----1 sJ 2 

w 4. THE CASE OF AN ARBITRARY ROTATION 

This problem becomes much more complicated if we remove the 
restriction on the magn rude of ~z. In fact, the function fln -- filn 

in Eqs. (2. I0) and (2. II) will be one of the unknown functions in an 

infinite set of coupled Eqs. (2.9) with odd Z, and Eqs. (2.6)--(2.8) 

with even l. Any finite number of equations of this system contains 

more unknowns than the number of equations. We have, however, 
succeeded in finding a special solution of these systems. 

Let us try to find the solution of Eqs. (2.6)--(2.3_1) by substituting 
fi0n = 0. From Eq. (2.6)  we find that for l = 2 

h~ ~ +/-1~ = o. 

From the structure of Eqs. ( 2 . 6 ) - - ( 2 . 9 )  we cansee that the  functions 
f/ran with Z > 1 are determined. However, there is no need to deter- 
mine these functions to find ~z and 3. 

To find P"z we must solve, as in the first problem, the equations 
given by (2.11) and (2.9) with 1 = 1 and n = 0. If we substitute f02n = 

�9 = fJln + f i n  = 0 in Eq. (2.9) we obtain Eq. (3. 2), and hence az  is 
found in the same way as before. 

Let us now find $ in the case in which ~z is a constant. Here we 
have 6s ~ az t  (we are assuming that the initial angle of rotation of the 
body about the g axis is zero). 

To find 3 let us substitute Eq. (3.1) into Eqs. (2.10) and (2.9), and 
assume in the last equation that 

l =  t ,  n = - - t ,  10~ 2 = ] t n ~ + ] _ l , ~  ~ =  0 and 6 8 =  flzt. 

Separation of variables as in the previous problems leads to the fol- 
lowing set of ordinary differential equations: 

A~" - -  iCaz~" + Qa~ - -  

t6 g ~  ~o I a . 
- x---W-- R4~.= ~? g ~  at (P~c,-D=~ (4.1) 

dt s] dt 

( A - - J ) ~ 3 - - i ( C - - J ) a z %  + Qa + 

o ~  

-}- L (L --  if~z) t0J  ~ t k = 0 .  (4. 3) 
j= l  s j * +  R2~ -r 
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w 5. THE APPROXIMATE FREQUENCY EQUATIONS FOR LARGE AND 
SMALL VISCOSITIES 

Let us now int roduce the dimensionless  pa ramete r  e and der ive  the 

approx imate  equat ions for the frequencies  when s and s -~ are smal l .  

Equation (3. 7) can be reduced to the form 

co 

X = I X \  A ] , a z = ~ ' t - ~ )  , ~ = T ~ - ~ - /  .(s.~) 

Let us now assume tha t  5 is smal l .  If we subtract  the in f in i te  series 
(s~ z + s~ + s~ z +,. , .  ) from the r ight  side of Eq. (3.7), and then add t h e  

same number, and i f  we also add and subtract  the fol lowing quant i t ies  

c o  

- -  e (IX - -  i(o) ~ s / -4 ,  ae (9, - -  is)) ~ s]-",  - -  s a (IX - -  ic0) ~ ~ s i - S ,  

j = i  i=i i=1 

and so on, then  Eq. (5.1) can be transformed to read 

J 
~ + 1 = 10 -A-" ~ [e (!~ - -  i~o) S~ - -  

- -  ~ (~ - -  i~)~ & + e~ (IX - -  i~)~ Ss  - - . .  -I 

co 

The numbers s~ in  the in te rva l  [0, 1] w i l l  be the e igenva lues  of the 

in tegra l  operator with the kerne l  

1/3 x a y .  t .8z'9 + 1/~, xya _}_ x (x ~.  y) 

K ( z ' Y ) = u A z ~ Y - - I . 8 x Y + V ~ z ~ + Y  ( ~ > / Y ) ,  

Using the we l l -known  theorems of the theory of in tegra l  equations,  

we can show that  

t 1 
$2 = 0.1, Sa = 3 ~ '  Sa = 3~537 , Ss  = 0.6089. l(F s e tc .  

Equation (5.2) then  assumes the form 

IX~ + 1 = J A  -~ [e (IX - -  ir 0.02857 - -  

- - e ~  (~ - -  i0~) l, 0A27.10 -e + 

+ a  a (IX - -  i(~) 0.6089.f0-~ + . . .1 �9 (5.3) 

We shal l  seek p in  the form 

F = ~ + eFi  + e~ix~ + . . . .  (5.4) 

subst i tu t ing  this series into Eq. (5.3), and equat ing  the coeff ic ients  

of equa l  powers of s, we find the following re ladons  for #: 

J 
ix = • i - -  a 0.01429 -~- (1 5~ ~o) + 

~-~i-05 io2 (---~ ~(~=~ + I " ' ) + ' 1 . 6 ( o T 0 . 6 ( o ~ ) +  

+ 0.6349 ( •  t - -  2(0 ~ (o~)] 10 -~ + 

(~)~r ~ ( l  + 2 ~o~ T ~.3~2 ~o =7 0.6s7~ ~os) _ + ea i..2.332 

-- 5.442 (I -~ 0.1667 (o -- 2.333 o ~ ~ 0.1667 r 

d 
z[ ~)s} 10-~ + + 3.044 -~ (i . . .  

Now suppose that s is small. If we replace the toot of the Bessel 

function J~/e(s) by the first terms of the series expansion, we can find 

the approx imate  va lue  of the  sum S* in  (5.1). 

We have sj = aj -- a j ,  where aj = @/2 ) (1  + 2j) ,  

2 t3 
% = - -  + ~ - ~ +  ~ ~"NTT + '  " " ( / ' = 1 , 2 , 3  . . . .  ), (5.5) 

o~ 

'= sr 2 + s (IX - -  io)  

1 [1 2aj%. + ai~ __ ~ ,  . . . . . .  i - x =  
j = l  [a~  + a ~IX --7 i~~ aft + e (IX - -  io) 

co co 

�9 = aj 2 -~ a (p, - io)) "= ( [ a j  2 -[- 8 (p, - -  io))p ~- 

(2ai~ j + aft) 2 (2aia j + ctfl) 2 } 
+ [ a ~ + 8 ( ~ - - i o ) p  5 '  [%.-~-~;~-~--Yg)p + . . . .  (5.6) 

Next,  the leading  term in the first sum on the r ight  can be isolated 
as follows: 

co 

j =  aj'Z + e(ix - i ~  

co r 

= ' ~ -  a f i + w  ~ ~ a ~ + e ( ~ - i O )  
"= o 

t 
- -  2 ] / S ( 9 , - - i o ) )  ( A a j = a j - - a ] - l = ~ ) "  (5.7) 

The leading  t e rm in the second sum on the r ight  can  be isola ted in 

the same way, Using Eq. (5,5) we have  

co 2ai~  j oo I + 2Is ai-Z + 1~/15 aj -~ + . . . 

[aj z + ~ (IX - -  io)l" = 2 ~ taft  + s (IX - -  i~o)12 j= l  ~=1 

1 Aoj 
j =  [aj2-~ / (--~--- i0))] 2 ~  

2 of da t 

-~- 3 [a ~ + 8 (IX - -  io) l  z - -  2 [a (IX - -  ia~)l'h 
o 

If 

da 

a2 + e (IX - -  io) 
o 

is regarded as the area under the curve 

co 

1 and ~ 1  Aaj 
Y --  a 2 -~ 8 (IX - -  i~) "= aj 2 @- 8 (p, - -  it.o) 

is t aken  to  be the to ta l  area of strips of base length  &aj and he igh t  

t 

Yi - -  af t  + e (V. - -  ir 

then  the leading  t e rm of the d i f ference  be tween t h e m  can  be regarded 

as the sum of the series consist ing of the areas of the r i gh t - ang l ed  t r i -  

angles  with sides Aaj and yj_r  - Yj. We then have  

a2 + 8 (IX - -  ico) 
0 

- - . =  a f i + s ( i x - - i o J )  ~ 2 Aaj 2 , e ( F - - i c o ) - -  j=  \ aj_ 1 T 

t ) 2ads  
af t  + e (IX - -  ico) ~ - ~  aS + e (~ - -  ico) 

o 
g 

' - 2e (IX - -  i~o) " ( 5 . 8 )  

From Eqs, (5,7) and (5.8) we have,  to wi thin  terms of the order of 
6 '3 /2 ,  

1 1 [  f t ] ( 5 . 9 )  
]= t  s9  @ s (IX - -  i0)) ~ 2 ]/" s (IX - -  ko) e (IX - -  i0)) 
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substituting Eq. (5.9) into (5.1), and returning to the variables k 
and t? z, we obtain the approximate equation 

5l~,~ 51k ~ 
(A--1)~:' + l f ~ z  ) RVv(X ' i ta~)  + Q a = O .  (5.10) 

The approximate equations for the frequencies corresponding to 
Eq. (4.3) can be obtained in the same way. 

Equation (4.3) can be transformed so that it reads 

0 
IX~'-- i -A-- ~IX + i = 

I 
= 10  7 (Ix - -  ito) [ e l ~ S a  - -  zzl~'Sa - -  @ IXaS8 . . . .  ]. ( 5 . 1 1 )  

For small e the quantity # can be sought in the form of the series 
(5.4). Substituting this series into Eq. (5.11)0 we can readily obtain 
the relation for/~k. 

For small e-1 we have the following approximate equation for the 
frequencies: 

5v 
{ A -- J) L2 -}- 5 g JL'/'-- [ i~z (C -- J) + ~-~ J] ~ - 

�9 (C - -  I )  ]/--~ 5v  
- -  t R ~zk' / '  q-  Q a  q- i ~ f~zJ = O. 

A number of papers have appeared in recent years in which the 
motion of a body filled with a viscous fluid was investigated by asymp- 
totic methods for large and small Reynolds numbers. We note that Eqs. 
(5.10) for f~z = 0 transforms to the more accurate equation obtained by 
Krasnoshchekov [5] which contains the first three expansion terms. 

The case of small Reynolds numbers was investigated by Chernous'ko 
[6]. If we use his method in the case of a spherical cavity, then the 
angular velocity of proper motion is described by an equation which is 
the same as Eq. (3.4) to within terms of the order of v "s. 

For the ease of slow rotation, frequency equation (3.7) will also be 
identical with the equation obtained by the method described in [6] 
to within terms of the order of ~ and v -z, The somewhat unexpected 
result is that the equations are also the same in the case of rapid rota- 
tion which was considered here for the special solution and in [6] in 
the general case. 
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